DILATIONS OF r CONTRACTIONS BY SOLVING 
OPERATOR EQUATIONS 
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Abstract. For a contraction P and a bounded commutant S of P, we seek a solution X of the 
operator equation 

S-S*P^{I-P*P]-2Xil-P*P)-2, 

where X is a bounded operator on Ran(7— P*P)2 with numerical radius of X being not greater 
than 1. A pair of bounded operators (S, P) which has the domain 

r= {(Zi +Z2,ZlZ2) : IZll < 1,|Z2| < 1} C C2 

as a spectral set, is called a F-contraction in the literature. We show the existence and 
uniqueness of solution to the operator equation above for a F-contraction [S,P]. This al- 
lows us to construct an explicit F-isometric dilation of a F-contraction (S, P). We prove the 
other way too, i.e, for a commuting pair (S, P) with ||P|| < 1 and the spectral radius of S being 
not greater than 2, the existence of a solution to the above equation implies that (S, P] is a 
F-contraction. We show that for a pure F-contraction (S, P), there is a bounded operator C 
with numerical radius not greater than 1, such that S — C + C*P. Any F-isometry can be 
written in this form where P now is an isometry commuting with C and C*. Any F-unitary 
is of this form as well with P and C being commuting unitaries. Examples of F-contractions 
on reproducing kernel Hilbert spaces and their F-isometric dilations are discussed. 



1. Motivation 

Subsets of C" that are spectral sets or complete spectral sets for a given commuting n -tuple 
of operators have been studied for a long time, see [21j and the many references cited there 
for the historical development. 

Agler and Young in their seminal paper fT] introduced the novel idea of studying all com- 
muting pairs of bounded operators for which a certain particular subset of is a spectral 
set. This subset is the symmetrized bidisc 

r = {(zi + Z2,z,Z2] : kil < 1, \Z2\ < 1} c 

and the commuting pair of bounded operators (S, P) defined on a Hilbert space satisfies 

||/(S,P)||< sup |/Ui,Z2)l 

(zi,z2)6r 

where / is a polynomial in two variables and the supremum is over r. Thus, T is a spectral 
set for (S, P) or in other words (S, P) is a T- contraction. A T- contraction (S, P] is said to be a 
pure T-contraction if P is a pure contraction, i.e, P*" ^ as n ^ oo. In other words P e Co 
following the terminology of Sz-Nagy and Foias (see page-76 of [20|). In their paper ([6]), 
Agler and Young described the motivation for studying F-contractions. An understand- 
ing of this family of operator pairs has led to the solutions of a special case of the spectral 
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Nevanlinna-Pick problem(||3], ||5]), which is one of the problems that arise in H'^ control 
theory(||T6]). Also they play a pivotal role in the study of complex geometry of the set r(see 
[4J). In their work Agler and Young did not assume separability of Hilbert spaces, but in this 
note, all Hilbert spaces are over complex numbers and are separable. 
The remarkably smooth theory that they developed for T-contractions parallels the highly 
successful theory of dilation of a single contraction because they showed in (l6]), the exis- 
tence of a F-isometric dilation for any F-contraction. In this note we construct an explicit 
F-isometric dilation of a F-contraction, i.e, given a F-contraction (S, P) on a Hilbert space 
J^, we construct a space ^ containing J^^ as a subspace and a F-isometry (T, V) on ^ such 
that r*|.^ = S* and V*\^ = P*. In other words, a F-contraction is the compression of a F- 
isometry to a co-invariant subspace. What is remarkable here is that the space ^ need not 
be any bigger than the minimal isometric dilation space of the contraction P and V is in fact 
the minimal isometric dilation of P. Moreover, T, in such a case, is uniquely determined. 
There are several ways to describe a F-contraction. We have described a new way of charac- 
terizing F-contractions in section 4. To do it, we define the fundamental equation of a pair 
of bounded operators (S,P) with ||P|| < 1, to be the operator equation 

S-S*P = DpXDp , X e m{^p). 

We show in the section on dilation, the existence and uniqueness of solution to the fun- 
damental equation for a F-contraction (S, P) and call the solution, the fundamental opera- 
tor for (S, P). Uniqueness of minimal F-isometric dilation (the minimality of a F-isometric 
dilation is defined in section-2) of a F-contraction follows from the uniqueness of the so- 
lution. This relates the theory of F-contractions beautifully to solving operator equations. 
A one-parameter family of examples of F-contractions has been obtained and is discussed 
in section 3. Their underlying spaces are reproducing kernel Hilbert spaces. We give F- 
isometric dilations of those F-contractions. Section 2 describes the structure of F-unitaries 
and F-isometries in complete detail with some new characterizations of them. 
We start by listing, without proof, some basic facts about the set F all of which can be found 
in |6j . These will be frequently used. 

Theorem 1.1. Let{s, p) e C^. The following are equivalent: 

(i) {s,p]eT; 

(ii) \s - sp\ + \p^\<l and\s\<2; 
(Hi) 2\s - sp\ + \s^-4p\ + \s^\<4; 

(iv) p{as, a'^p]>0 , for all aeB, where D is the unit open disc in C; 

(v) \p\<l and there exists p e C such that\p \ < 1 ands = p+Pp; 

(vi) \s\<2and\{2ap-s]{2-as]~^\<l for all aeB; 

(vii) I — as + a^p ^0 and\{p — as + a'^]{l — as + d^p]~^<l for all aeD. 

Definition 1.2. Thedistinguished boundary ofthesetT, denotedbybT is defined to be 
the set 

bT= {{zi+Z2,ZiZ2): |zi| = |z2l = l}- 

This is the Silov boundary of the algebra of functions continuous on F and analytic in the 
interior of F. 

Theorem 1.3. Let{s, p) e C^. Then the following are equivalent: 
(1) {s,p]ebT; 
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(2) is,p) = i2xe'^,e'^)forsome6GR, andxe [-1,1]. 

(3) \p\ = l, s = sp and \s\<2. 

(4) \p\ = l, s = p +Pp for some p eC of modulus I. 

We give a proof of (1) <^ (4) because we could not locate it in literature. 

Proof Let \p\ = l and s = P + Pp for some yS e C of modulus 1. Taking Zi= P and Z2 = Pp 
we see that s = Zi + Z2 and p = Z\Z2 where clearly \z\\ = \Z2\ = 1. Hence {s,p)&bY. 
Conversely, let {s,p) e bY. Then s = zi + Z2 and p = Z\Z2 for some Z\,Z2 of modulus 1. 
Clearly \p\ = 1 and Z2 = Z\p. Thus we have s = zi+zip = P + Pp, where P =Zi. □ 

Lemma 1.4. T is polynomially convex hut not convex. 

There are more results about T that we are not going into because those are not relevant 
here. Symmetrized polydisc has been studied in detail. The interested reader is referred to 

la, a, 0, EH. 



2. Structure theorems for F-isometries and F-unitaries 

Ever since Sz.-Nagy found the minimal unitary dilation for a contraction on a Hilbert space, 
it became clear how powerful a tool it is for studying an arbitrary contraction. An operator 
r is a contraction if and only if ||/?(r)|| < \\p\\oo for all polynomials p by von Neumann's 
inequality. This property can be isolated and a compact subset X of C is called a spectral 
set for an operator T if 

||/(r)||<sup||/(z)|| (2.1) 

for all rational functions f{z) with poles off X (we bring in rational functions instead of 
just polynomials because the domain X is assumed to be just compact and not necessarily 



simply connected, unlike D) . If 1 2. 1 holds for all matrix valued rational functions /, then X 
is called a complete spectral set for T. Moreover, T is said to have a normal 5X-dilation if 
there is a Hilbert space containing J^f as a subspace and a normal operator iV on with 
a{N) c dX such that 

f{T) = P^f{N)\^, 

for all rational functions / with poles off X. It is a remarkable consequence of Arveson's 
extension theorem that X is a complete spectral set for T if and only if T has a normal dX- 
dilation. Rephrased in this language, Sz.-Nagy dilation theorem says that if ID is a spectral set 
for T then T has a normal 5D-dilation. For T to have a normal 5X-dilation it is necessary 
that X be a spectral set for T. Sufficiency has been investigated for many domains in C 
and several interesting results are known including failure of such a dilation in multiply 
connected domains [13J. If X c C^, then the questions are much more subtle. If (Ti, T2) is a 
commuting pair of operators for which W is a spectral set, then (Ti, T2) has a simultaneous 
commuting unitary dilation by Ando's theorem. Taking cue from such classically beautiful 
concepts, Agler and Young introduced the following definitions. 



Definition 2.1. A commuting pair {S,P) is caZZed a F -unitary ifS andP are normal operators 
and the joint spectrum a{S, P] of{S, P] is contained in the distinguished boundary ofT. 
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Definition 2.2. A commuting pair {S,P) is called a T-isometry if there exist a Hilbert space 
J{ containing:^ and aT -unitary {S,P] onjY such that:^ is left invariant by both S andP, 
and 

S = S\,yc andP = P\,ye. 

In other words, {S,P) is a T -unitary extension of{S,P). A commuting pair {S,P) is a F-co- 
isometry if{S*,P*) is aT -isometry. Moreover, aT-isometry{S,P) is said to be a pureT -isometry 
ifP is a pure isometry, i.e, there is no non trivial subspace of,^ on which P acts as a unitary 
operator 

Here and henceforth, when we say joint spectrum, we shall mean the Taylor joint spectrum 
unless otherwise mentioned. Let 

p(S, P] = 2{I - P*P] - (S - S*P] - (S* - P*S] 

= ^{(2-S)*(2-S) -(2P-S)*(2P-S)}. 

The following result was proved in . There, in fact, it was proved that positivity p (S, P] is a 
necessary and sufficient condition for (S, P] to be a F-contraction. A straightforward proof 
of one direction is given below using joint spectral theory. Stinespring dilation is avoided 
for proving this because this result will be used for constructing explicit dilations. 

Proposition 2.3. Let{S,P) be aT -contraction. Then p{aS,a'^P] >Q), for alla&B). 

Proof Let cr(S,P) denote the Taylor joint spectrum of [S,P). By Lemma 6.11 of Chapter-Ill 
of L23J, 

C7(S,P)c a.AS,P), 

where is the Banach subalgebra of S^iJ^), generated by S,P and / and aq/{S,P) is the 
joint spectrum of (S, P] relative to this commutative Banach algebra. 
It is straightforward from the definition of F contraction that 

a.uiS,P)CT, 

and hence we have cr(S, P] c F. 

Let / be a holomorphic function in a neighbourhood of F. Since F is polynomially convex, 
by Oka-Weil theorem (Theorem 5.1 of ||T7]) there exists a sequence of polynomials {pn} that 
converges uniformly to / on F. So by Theorem 9.9 of Chapter-Ill of [23] we have 

Pn{S,P]^ f{S,P] 

which by virtue of (S, P) being a F-contraction implies that 

||/(S,P)|| = lim \\pn[S,P]\\ < lim \\p„\\r = ||/||. 

Using the function f{s, p) = [la^p — as)/{2 — as) which is holomorphic in a neighbourhood 
of F for a e D, we get 

II [2a^P - aS)[2 - aST^ \\ < ||/||r < 1. 
Thus (2 - aSf~\2a^P - aS)*{2a^P - aS){2 - aS)-^ < I. 

This happens if and only if (2- aS)*(2 - aS) > [2a^P-aS)*[2a^P- aS). By definition of p (S, P), 
the last inequality is the same as p{aS, a^P) > 0. 

By continuity p {aS, a^p) > o for all a e D. □ 
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It is clear from the definition that if (Si, Pi) and (52,^2) are T-unitaries, then so is the direct 
sum (S, P) = (Si © S2, Pi © P2). Indeed, the joint spectrum of (S, P) is the union of the joint 
spectrum of(Si, Pi) and the joint spectrum of (S2,P2) (see llOj). We begin with an elementary 
lemma whose proof we skip because it is routine. 

Lemma 2.4. LetX be a bounded operator on a Hilbert space M'. If Re px < for all complex 
numbers p of modulus I, then X = 0. 

Parts of the following theorem, which gives new characterizations of F-unitaries were ob- 
tained by Agler and Young in ([6J). Parts (3), (4) and (5) are new. 

Theorem 2.5. Let[S,P) be a pair of commuting operators defined on a Hilbert space M' . Then 
the following are equivalent: 

(1) (S,P) is aY -unitary ; 

(2) there exist commuting unitary operators Ui and U2 on ^ such that 

S^U, + U2, P=f/iC/2; 

(3) P is unitary, S = S*P and r(S) < 2, where r(S) is the spectral radius ofS. 

(4) (S, P) is a T -contraction and P is a unitary. 

(5) P is a unitary and S=U+ U*P for some unitary U commuting with P. 

Remark 2.6. We draw attention to the similarity between partib) of this theorem and partiA) 
of Theorem 1.3. 

Proof (1) ^ (2) This proof is the same as the one given by Agler and Young in [ 6]. We in- 
clude it for the sake of completeness. Let (S, P) be a F-unitary. By the spectral theorem for 
commuting normal operators there exists a spectral measure say M(.) on a[S, P) such that 



P2iz)Midz], 

o-(S,P) 



S= pi[z)M[dz), P 

Jct{S,P) 

where pi, pz are the co-ordinate functions on C^. Now choose a measurable right inverse 
of the restriction of the function n to so that 13 maps the distinguished boundary bT of F 
toT2. Let;S = (^1,^2) and 

Uj= l3j{z)M{dz), 7 = 1,2. 

Jct(S,P) 

Then Ui, U2 are commuting unitary operators on 3^ and 

C/i + C72 = [ Wi + MzWidz] = pi{z)M{dz] = S. 

Similarly C7i L/2 = P Thus (1) => (2). 

(2) ^ (3) is clear. 

(3) ^ (1) We have P*P = PP* = / and S = S*P. Therefore, S* = P*S and as a consequence 

SS* = {S*P]{P*S)^S*S 

as P is unitary. So (S, P) is a commuting pair of normal operators. So we have r(S) = ||S||. 
Let C*(S, P) be the commutative C*-algebra generated by them. By general theory of joint 
spectrum (see p-27. Proposition 1.2 of 1 10|), 

aiS,P) = {iipiS),ipiP)]:ipe^}, 
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where Jl is the maximal ideal space of C*(S,P). Let = [ip[S),ip[P)) e a[S,P), where 
ip e Then 

and 

sp = ip{S)ipiP] = ipiS*P) = ipiS) = s. 

Also |5| = \ip{S)\ < \\S\\ = r(S) < 2. Therefore, by Theorem [L3| [s, p) e bY i.e, (7(S, P) c bY. So 
(S, P) is a F-unitary. Hence (3) => (1). 
Thus (1), (2) and (3) are equivalent. 
The implication (1) ^ (4) is trivial. 

(4) (3) depends on the fact that if [S, P) is a F-contraction, then 

p[aS,a^P)>G, for all a gD. 

Therefore, for ^ e T, we have p{ps,p^P) = 2{I - P*P) - yS(S - S*P) - ^(S* - P*S) > 0. Using 
the fact that P*P = I, we get that Re yS(S — S*P] < 0. By invoking Lemma [274| now, we get that 
S - S*P — 0. Also since (S, P) is a F-contraction, r(S) < ||S|| < 2. Hence done. 
(2) ^ (5) follows as S = LAi + [72 = C7i + [7*P and U^P^Ui Ui U2 = C7i C/a C/i = PUi. 

(5) (2) follows by taking Ui^U and U2 = U*P. 

□ 

Corollary 2.7. T/ze /ga/r (S, /) can be a Y -contraction only by being aY -unitary. It is so if and 

only ifS is a self-adjoint operator of spectral radius not bigger than 2. 

During the course of the proof, we used something which we segregate as a separate result 
because it will be used later too. 

Observation 2.8. IfP is a unitary, S commutes with P andS = S*P, then S is normal. 

The structure of F-isometries can be deciphered using numerical radius. We recall the def- 
initions of numerical range and numerical radius and discuss some of their prop- 
erties which will be useful. The numerical range of an operator T on a Hilbert space ^ 
is defined to be 

n{T]^{{Tx,x) : \\x\U<l}. 
The numerical radius of Tis defined as 

cu(r) = sup{Krx,x)| : ||x|U< li- 
lt is well known that r{T] < co{T) < \\T\\ for a bounded operator T. An elementary fact will 
be used more than once, and hence we state it as a lemma followed by a remarkable result 
due to Ando. 

Lemma 2.9. The numerical radius of an operator X is not greater than one if and only if Re 
I3X< I for all complex numbers p of modulus 1 . 

Proof It is obvious that co{X) < 1 implies that Re I3X < I for all yS e T. We prove the other 
way By hypothesis, (Re ^Xh, h) < 1 for allheJ^ with \\h\\ < 1 and for all e T. Note that 
(Re l3Xh, h) = Re p{Xh, h). Write {Xh, h) = e''f^^\{Xh, h)\ for some ifh e K, and then choose 
P = e-'Vfc. Then we get \{Xh,h)\ < 1 and this holds for each h & ,W with \\h\\ < \. Hence 
done. □ 
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Theorem 2.10. (Ando): The numerical radius of an operator X is not greater than one if and 
only if there is a contraction C such that 

X = 2{I-C*Cf'^C. 

For details of the proof, see Theorem 2 of [8] . 

Definition 2.1 1. A bounded operator X is said to be hyponormal ifX*X > XX*. 
Proposition 2.12. (Stampfli): IfX is hyponormal, then = and so \\X\\ — r[X). 
For details of the proof see Proposition 4.6 of ||9]. 

Lemma 2.13. Let U , V be a unitary and a pure isometry on Hilbert Spaces ^\ , ^2 respec- 
tively, and letX : J^i ^ be such thatXU = VX. Then X = 0. 

Proof. We have , for any positive integer n, XU" — V"X by iteration. Therefore, U*"X* — 
X*V*". Thus X* vanishes on KerV*", and since [^KerV*" is dense in M2 we have X* = 

Oi.e,X = 0. " □ 

Theorem 2.14. LetS, P be commuting operators on a Hilbert space ^ . The following state- 
ments are all equivalent: 

(1) {S,P) is aT -isometry, 

(2) [S, P] is a T -contraction and P is isometry, 

(3) P is an isometry , S — S*P and r(S) < 2, 

(4) r(S) < 2 andpips, P^P) = for all ^eJ. 

Moreover if the spectral radius r{S] ofS is less than 2 then (1),(2),(3) and (4) are 
equivalent to: 

(5) (ip P - S)[2 - ySS)-i is an isometry for all yS e T. 

Proof (1)=>(2) is obvious. 

(2) =>(3) The fact that (S,P) is a T-contraction implies that ||S|| < 2, whence r(S) < 2. It also 
implies that p(aS, a^P) > for all a in the closed disk, in particular on the circle. In view of 
P being an isometry, this means that 

Rey3(S-S*P)<0 

for all p of modulus 1. By using Lemma [zl} we get that S = S*P. 

(3) =>(4) This is obvious. 

(4) ^(1) We have 

p{l3S,l3^P] = 2{I - P*P] -I3{S- S*P] - Pis* - P*S] = for all yS e T. 

Putting P = I and P = — 1, we get P*P = I from which it follows by the same argument as 
above that S = S*P. We shall now show that (S, P) is a F-isometry by exhibiting a F-unitary 
extension. 

Wold decomposition of the isometry P breaks the whole space into the direct sum of two 
reducing subspaces J^i and J^^2 so that P has the form 

P= (0' p] on^,®^2^^, 
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where Pi is a unitary and P2 is a pure isometry (a shift of some multiplicity). With respect to 
this decomposition of J^f , we write 

Sii S12 
S21 S22 



By commutativity of S and P and applying Lemma 2. 13 we see that S takes the form 

on J^i © J^2 and SiPi = PjSi , S2P2 = P2S2. 
Also by S = S*P and P*P = / we get S; = S*P; and P*P; = / respectively for i^l,2. 



Si 
S2 



The pair (Si, Pi) is F-unitary by part (4) of Theorem |2.5| because Pi is unitary and restriction 
of a F-contraction to an invariant subspace is a F-contraction. 

The pair (S2,P2) is a F-contraction since (S,P) is so. Since P2 is a pure isometry it can be 
identified with the multiplication operator on H\E) for some Hilbert space E. Again 
since S2 commutes with P2(= M^), it can be identified with the multiplication operator 
for some (f e H"^i^iE)]. 

Also because P2 is isometry, / - P2P2* > and we have 

S*(/ - P2P2*)S2 > S*S2 > (S*P2)(P2*S2) = S2S*, sincc S2 = S*P2. 



Thus S2 is hyponormal and by Stampfli's result (Theorem 2.121, r(S2) = IIS2II and hence 



\\(p\\ = IIM^II = IIS2II < 2. Since S2 = S2*P2, or equivalently = M^*Mf , we have 

(f{z] = (f*iz]z for all zeT. 

Consider on L^{E), the multiplication operators and U^, multiplication by ip{z) and z 
respectively. Obviously is a unitary operator on L\E]. Since ip{z) = ip*{z)z we have 
= U^*U^' i-e. U^* = UfU^ and hence 

U^* = ( L/-^)( u^* u = u^* [/£ 

and thus is normal. So we have a pair of commuting normal operators {U^, U^) on 
L\E)) such that r([7^) = ||C7^|| = < 2 , [7^ = C/f and C/f is unitary Therefore by 



part (3) of Theorem 2.5 [U^, U^) is a F-unitary. The restriction to H'^{E) of this F-unitary is 
(M^,M^). In other words {U^, U^] is a F-unitary extension of (M^,M^). 
Taking S = Si © LA^ and P = Pi © on J^i © L\E], we see that (S, P) is a F-unitary extension 
of (S, P). Hence (S, P) is a F-isometry. 
Thus (1) through (4) are equivalent. 
(4) (5) By hypothesis, 

p{pS,p^P) = ]^{{2-psT{2-pS) - {2P^P - PST{2P^P - PS)} = Q. 
(2 - ^S)*(2 - pS) = [2p^P - PST[2P^P - pS). 
Since r(S) < 2, the operator 2 - ySS is invertible. Therefore, we have 

((2 - pS)-^f{2p^P - l3Sn2l3^P - pS)i2 - ySS)"' = /• 
Therefore {2p^P - y3S)(2 - ps)~^ and hence (2y3P - S)(2 - y3S)"i is an isometry for all yS e T. 
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Conversely, let (5) hold. Then(2yS2p-^s)(2-ygS)-MsanisometryforeveryyS eT. Therefore, 

((2 - psT^nzp^p - issnzp^p - ps)i2 - psr' = / 

or (2 - psfiZ - pS] - [ip^P - pSfizp^P - )SS) = 
or pipS,p^P)^0, VySeT. 

Hence done. □ 

Note 2.15. TheY -isometry (S2, P2) in the above proof is a pure T-isometry. 

Corollary 2.16. If{S,P] is a T -isometry (respectively a T -unitary), then {rS,P] is also a T- 
isometry (respectively aT -unitary) for Q < r < 1. 

The following two results are remarkable in their simplicity to characterize F-isometries. 

Lemma 2.17. A pair of bounded operators {S,P) defined on ^ is a pure Y -isometry if and 
only ifS = C + C*P for some pure isometry P and a bounded operator C which commutes 
with P and P* and has numerical radius not greater than 1 . 

Proof. Let (S, P] be a pure F-isometry. Then by Theorem 2.4 of f6] , S and P can be identified 
with and respectively on H\E] for some separable Hilbert space E, where ip{z] — 
G + G*z for an operator G defined on E such that co{G] < 1. Clearly 

= M^^g.^ = + M^.Mf = (/ ® G) + (/ ® G*)(M^ » /) on H\B) ® £ = H^iE). 

Therefore S = C + C*P where P^M^®I and C = I®G. Obviously P commutes with C, C* 
and co[C)<\. 

Conversely, let S = C + C*P where co{C)< 1 and P is a pure isometry which commutes with 
C and C*. Since P is a pure isometry, P = on H^{E] and hence C = on H\E) for 
some (p e ^'^{9^{E)), by the commutativity of C and P. 

Also since both of and M^* commute with M^, the function (/? is a constant say equal 
to Gi. Clearly 



= (/ ® Gi) and Mf = / on /f2(D) (8) 



rJ = (/®Gi)andi\'f^ 
By the commutativity of C and P we have 

S*P^{C* + P*C)P^S. 

Now 

(o(S) = oj(C + C*P) < coiC) + coiC*P] = coiI®Gi) + (o(M, ® G*) < 1 + w(M^ ® G*). 



Since co[Gl) < 1, by Ando's result (Theorem 2.10 there exists a contraction T such that 

Gl = 2{I-T*Tfl^T. 
Considering the contraction Ti = Mz ® T we get 

2{I - T* Tif'^ Ti=2{I®I- (M* (8> r*)(M^ ® T)f/\Mz ® T) 
= 2(/ ® / - / (g) r Tf'\Mz ® T) 
^2I®{I-T*Tfl\Mz®T) 
= Mz®{2{I-TTf'^T} 
= Mz®G\. 
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Therefore by Ando's result again, co{Mz ® G*] < 1. Thus we have co{S] < 2. Therefore by 



Theorem 2. 14 -(3), [S,P) is a F-isometry where P is a pure isometry i.e, [S,P) is a pure F- 
isometry. 

□ 

Theorem 2.18. A pair of hounded operators [S, P] defined on 3^ is a T -isometry if and only 
ifS — C + C*P for some isometry P and a bounded operator C which commutes with P and 
P* and has numerical radius not greater than 1. 



Proof By Theorem 2.14 (S, P) is a F-isometry if and only if S = Si © S2 and P = Pi © P2 where 



(Si, Pi) and (S2, P2) are F-unitary and pure F-isometry respectively. 

Therefore S2 = C + C*P2 where co{C] < 1 and P2 is a pure isometry which commutes with C 



and C*. Also by Theorem 2.5 Si = LA+ U*Pi where U isa unitary which commutes with Pi. 



Choosing Ci = C7© C we get 

S = Si ©S2 = Ci + C*(Pi © P2) = Ci + c*p 

where P commutes with Ci, C* and obviously a)(Ci) < 1. □ 

Observation 2.19. Let (S, P) be a T -contraction where P is a projection. Then S and P have 
the operator matrices 

Si 0^ fl 

S2J 1^0 

with respect to the decomposition ^ — Ran[P)® Ker[P). 



Proof Clearly P has the stated form as P is a projection. Let S = [S,j]?j^j with respect to 
the decomposition = Ra n{P] © Ke r(P). By the commutativity of S and P it follows that 

Sl2 = S21 = 0. □ 

Observation 2.20. IfiS, P] is a T -contraction where P is a partial isometry then S — S*P — 
0' 



* S 



with respect to the decomposition = Ra nP* © Ke r(P). 



Proof Since (S, P) is a F-contraction by Proposition |2^ p{aS, a^P) > for all a in T which 
implies that 

(/ - P*P) - Re a(S - S*P) > 0. 



Since P is a partial isometry, P*P is a projection onto RanP* — Ker{P)^. Therefore / — P*P 
is a projection onto Ker{P). So we have PKer(p) — Re a(S - S*P) > for all a in T. Therefore 
for X e Ker{PY = RanP* we have PKeriP)ix) — and hence 

Re a[S - S*P)\^p, < 0, for all a in T. 



Therefore by Lemma 



2.4 



(S - S*P)\ji^,p, = 0. Hence Ran{S- S*P) c Ker{P) and S={^^ ^ j 

with respect to the decomposition = RanP* © Ke r{P). □ 

A canonical way of constructing a F-isometry is to consider the Hardy space of the 

bidisc with the reproducing kernel ^^_^—^^^_^—^y If M^^ and are multiplications by the 
independent variables Zi and Z2 respectively, then (M^j +Mz2,M^jMzJ is a F-isometry. 
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3. r-CONTRACTIONS - EXAMPLES 

Dilating a contraction operator to an isometry is well studied in the history of dilation the- 
ory (see 123). For the class of examples of T-contractions contained in this section, we 
produce their F-isometric dilations. 

Definition 3.1. Let {S,P] be a T -contraction on J^^. A commuting pair of operators [T, V] 
acting on a Hilbert space Jf containing:^ as a subspace is said to be aT -isometric dilation 
of{S,P] if{T, V] is aT -isometry and 

rU = S* and V*U = P*. 

Thus (r, V) is a F-isometric dilation of a F-contraction (S, P] is same as saying that [T*, V*) 
is a F-co-isometric extension of {S*,P*]. Moreover, the dilation will be called minimal if 

^ = span{V" h:he^ and n = 0, 1,2,. ..}. 



We shall see the existence and uniqueness of minimal F-isometric dilation in Theorem 4.3 
In this section we exhibit a new class of examples of F-contractions and using a recent the- 
orem of Douglas, Misra and Sarkar (p^lj), find F-isometric dilations of some of them. The 
main result of this section is Theorem |3.8l 

Lemma 3.2. Let Ti and Tz be to commuting contractions defined on and let M ^ ^ be a 
subspace invariant under Ti + T2 and Ti T2. Then {{Ti + 72)L///> 71 r2|.//) is aT -contraction. 

Proof. We have to show that F is a spectral set for ((Ti + Tz)]^^, Ti T2\j{), that is, for any poly- 
nomial p of two variables, 

\\p{{Ti + T2]U, T,T2U]\\ < \\p{zuZ2]\\oo,r- 
Let 71 : ^ be defined as 

n{zi,Z2) = {zi + Z2,ZiZ2). 
Then by von Neumann's inequality in the bidisc D^, we have, 

\\p{n{Ti, TzM < ||/?o7r||oo,D2 
or \\p{T, + T2,T,T2)\\<\\p\\oo,Y 

Certainly, 

\\p{[T, + T2)U, T,T2\j()\\ < \\p[T, + T2, T,T2)\\. 
Hence done. □ 



Let us see a particular example of this theorem. For A, /i > 1 we define the weighted Bergman 
spaces 

^(A,M)(p2-) = : p2 ^ c : / is holomorphic and (3.1) 

\f{z„Z2)\\\ - \zi\^f-\\ - \z2fr~'dm^'^-^\z„Z2] < 00}, 

where m'^^''^'' is '•^"'^^^""^^ times the Lebesgue measure on P^. It is easy to verify that A('^''^^(D2) 
is a Hilbert space. For /, g e A'^'^'i^\Bi^], define 

{f,g)AiW) = f{zuZ2]g{z^,Z2]{l - \z,ff-\l - \z2'^r-^dm^^'^\zr,Z2\ 
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Let denote the interior off. Define the Hilbert space 

^(A,/i)(-po-) = : r" ^ C : / is holomorphic and (/ o n) det A e A^^-i'Xb^)}, (3.2) 

with 

(/- g> At^.'^HrO) = ((/ o Ti) det A, (g o 7i) det /„) a(a,,.)(d2) , 
where Jn = \ ^ I the Jacobian of the map 71(21,22) = {zi + Z2,ZiZ2) so that det = 



Z2 Zi^ 

{z\—Z2). Let Mj'^''^^ and M^p'^^ be the muhiplication operators on A(''-'^)(r'') by the co-ordinate 
functions s and p, respectively, where {s,p)& F". For A = /i, we denote by Af''-^(D2), 

4(A,A)(po-j A(^)(F''), Mf'^^ by M^P and mJ,^'^^ by Mjf ^. The following lemma serves the pur- 
pose of showing that the operator pair {M^^'^\m''p'^^), which is obviously a commuting pair, 
is a F-contraction. 

Lemma 3.3. For integers m,n>0, let e^ and fm n be the functions defined on W by 



emn{Zl,Z2] — Z"^ Z" — Z"Z^ and fmn[Zi,Z2) — Z^ Z2+ z"z 



Let Pkt^^iP'^) := span{em„ : m > n > 0} and Ai^''^\B^) := span{/m„ : m > n > 0} be subspaces 
o/A(^,/^)(p2-j_ j^g^ 

(1) both A^^''^\W] and a[^''^\]D)^] are invariant subspaces of A'^'^'I^\W] under Mz^+z2 <^^d 

Mz,z2 ; 

(2) the restrictions of the pair [Mz^+Zi'^ziZi) to the invariant subspaces A^^'^^iP'^) and 
Pk^'^^iji'^) are Y -contractions, call them {S^a'^\pli"^^) and [s'"^'^^ Ps'^'^^) respectively. As 
usual, for X = p, we use just one index. 

(3) there is an isometry U from A(^>'^'(FO) onto A^^'^\W) such that UMf'^^U* = S^a^^ and 



Proof Note that 



m+1 _ n 
^2 



+ (z™z 



m _ n+1 



n m+l 
^\ ^2 



Again 



m+l ^ n+l 
2 



, n+l _ m+l-| 
'1 ^2 > 



So Aa^'^^^D^j ig invariant under both of the multiplication operators M^j+^j ^^^d ^ziz-r We 
can show similarly that As^'^ '^^D^) is invariant under both the operators M^^+^-i and M 



ZlZ2- 



Hence by Lemma [3^ (1) and (2) above are proved. To prove (3), define 

U : A^^'I'Xt^] — > A^^'I'\B^] 

by 

Uf^[fon)detU 

That U is an isometry follows from the definitions of norms on the corresponding spaces. 
It is easy to check by direct computation that U intertwines m['^''^'' with sL'^''^^ and M^p''^^ with 
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-, for m > n > 0, where 



Remark 3.4. We observe that /„„)A(A,.,(e^) - ^^^^^^^^^ ^^^^^^^^ , 
^^^^ ^ A(A-ixA-2)...(A-».+i) _ Therefore the subspaces A^^-'^^D^) ^nd aI^'^'^D^-) of A(^''^)(D2) are 
mutually orthogonal if and only if A = /i. 



Consider the weighted Bergman space Af'^^(D2), as defined in (3.1 , on the bidisc for A > 1 
and its subspaces 



and 



Al^W) :=spari{z™Z2" +^1 ■ m > n>0,{zi,Z2)eB^. 
They are mutually orthogonal and A(^)(D2) = A^^\]n)^) © A^^\d2)_ 



fmn{Z\,Z2) — • 



+ form>n>0; 
^(ziZ2)" form = n>0. 



(3.3) 



Clearly, {fmn}m>n>o is an orthonormal basis for the Hilbert space aI'^^^D^) 

Proposition 3.5. The Hilbert space Ai^\l])^] is a reproducing kernel Hilbert space with its 
reproducing kernel Ks'^^ given by the formula: 

Ki^\z, w] = lii -zimr\i -zimT^ + lii -z,w2r\i - Z2wir\ (3.4) 
2 2 

where z = {zi,Z2) and w = {w\, W2) are inB^ 



Proof. We shall prove this by expanding the right hand side of the formula (3.4 in terms of 
the basis elements For z, w eB^,we have 

KI^\z,W]= ^ fmniZl,Z2)fmniWi,W2] 

m>n>0 

— y, fmn{Zi,Z2)fmn{UJi, ^2)+^fnn{Zi,Z2)fnn{Wi,W2) 

m>n>0 n>0 

— - / , fmn[Zi,Z2)fmn{lfl> W2) + ^fnniZl,Z2)fnniWi,W2) 

m,n>(3 /1>0 

1 y (Aj^^A)^. „ ^^^^^^ 



4 ^—^ m\n\ 

m,n>0 



+{Z2W2r{Z,W,)A+y}^Az,W,nZ2W2T 

\ii-z.^.r\i-z.^2r^^\ii-z.w2r\i-z2w.r^ 



□ 



Edigarian and Zwonek found the Bergman kernel for symmetrized polydisc, see IT5|. We 
shall need explicit formulae for the reproducing kernels of the weighted Bergman spaces 
A(''^)(r°), as defined in (3.2 . These have been extensively studied in |19|. We recall only 



14 BHATTACHARYYA, PAL, AND SHYAMROY 

some relevant facts here. For A > 1, the reproducing kernel for the weighted Bergman space 
A(''^)(r°) on the interior of the symmetrized bidisc r° is given by 

WXn{z\n{w))= — — , z,w&W. 

A [zi-ZtXWx-w-i) 

(3.5) 

The kernel above remains a positive definite kernel for A = 1. This prompted the authors 
of HH] to define the Hardy space //^(poj ^j^g symmetrized bidisc to be the reproducing 
kernel Hilbert space whose kernel is 

s r r ^ , {\-ZxWxy\\-ZxW2y^-{\-ZxW2y\\-Z2w{)-^ ^^2 roa^ 

Sro(7r(z),7r(ii/)) = — — , z,weB\ (3.6) 

iZi-Z2){Wi-W2) 

Lemma3.6. The ratio §:~oB^"J of the reproducing kernel of the weighted Bergman space A^"\T"] 
with the reproducing kernel of the Hardy space FP-{r°) is a positive definite kernel for all pos- 
itive integers n. 



Proof For z, w eB^, from l |3.5| l and p.6| l, we have 



iT^Mr r ^ r 1 (1 - Zl - Z2li'2)"" - (1 - ^1 W>2)-"(1 - Z2U>l] 

ilJV 'iTTiT.] 171111]]= 

A (1 - ZiWiy^il - Z2W2y^ - (1 - ^1 W^2)"Hl - Z2 Wl] 

n-1 



^'Y^a"-^-^b\ 



where a = (1 - ZiWiy\\ — Z2W2y^ and b = [\ — ZiU>2)"Hl - 22^1)"^ Clearly, the last ex- 
pression can be expressed as a polynomial in ab and a^ -\-b^ for k — 1 n — \. Since 

ab = Sr»(7r(z), t[{w)) is the reproducing kernel for the Hilbert spaces ff^^poj ^j-^^j j^j^k — 
,w]is the reproducing kernel for the Hilbert space aI^^^D^)^ ^^ey both are positive def- 
inite. Recalling that pointwise product and sum of two positive definite kernels are again 
positive definite kernels we conclude that S~o^B^'o^ is a positive definite kernel. □ 

By H^W], we shall denote the Hardy space of the bidisc. For convenience of notation, we 
shall also call it A^^^tD^). This will enable us to talk about the operator pairs (S^ \ Pa^] and 
iS^P,Ph. 

Lemma 3.7. The pair {M^,M^] of multiplication operators on H\T°] by the co-ordinate 
functions is a T -isometry. 

Proof LetHliB^):=span{z'['z^-z'^z^ : m > n > 0,(zi,Z2) e B)^} andH2(D2) spari{z™z^+ 
z'^z^ : m > ri>0,{zi,Z2]eB^. Clearly H^B^] = Hl{B^) ® H^{B^]. For A = /i = 1, analogous 



arguments as in Lemma 3.3 shows that 



(i) the subspaces H^iB^) and H^{B^] are invariant subspaces of H^{B^) under M^j+z^ 
andM^^zaJ 

(ii) there is an isometry U from H\T°] onto H^iB^) such that UMfU* = sL^^ and UM^U* = 



and Pa^ — M2JZ2 So {Sa', Pa'^'] is a F-isometry. Noting that [7 is a unitary, it follows from 
(ii) that (Mf , M^)''is a F-isometry □ 



By Theorem 2. 5|-(2), the pair (M^j+z^ , M^^^J is a F-unitary on L\T^]. Moreover, Sa^ — Mzi+z2\hHb'^] 



41) d(i) 
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Recall that {m[^\m^p^] denotes the commuting pair of multiplication operators by the co- 
ordinate iiinctions 5 and p, respectively, on the Hilbert space A(^^(r'') for A > 1. For A, — I, 
this space is the Hardy space H\T°) and the operator pair is [M^, M^]. Thus, by Lemma 3.6 
and Theorem 6 of liUj, we have proved the following theorem which is the main result of 
this section. 

Theorem 3.8. For every positive integer n, the T -contraction {m['^\ M'^'']acting on A("^(r°) 
can be dilated to the T -isometry [M^ ® , ®I<f) on //^(P) ® if for some Hilbert space i£ . 



Recalling the notations from Lemma 3.3 we have the following corollary. 

Corollary 3.9. For every positive integer n, the commuting pair of operators {S^a \ Pa"^) acting 
on the Hilbert space Aa"'(D2) has a T -isometric dilation to the commuting pair of operators 
iS^a\ Pa^) on the Hilbert space HW] ® ^ for some Hilbert space i£ . 



Proof Observing that the isometry U in part 3 of Lemma |33] is actually a unitary the proof 
follows from Theorem l3.8[ □ 

Lemma 3.10. TheT -isometric dilation {Sa\ Pa ^] on the Hilbert space H^iW)® ofthecom- 
muting pair of operators [S^aKP'a^) on the Hilbert space A^"\l])^] is minimal. 

Proof. To prove minimality, we need to show that span{P^h : h e H^{I])^], A; > 0} = H^{W]. 
Recalling that e^(zi,Z2) = z^^z" - z"z^ and H^iB^] = span{e^ : m > n > 0}, it suffices 
to show that span{P/^(e^) : m > n >0,k >0] = span{e^ : m > n > 0]. Since P^i'e^] — 
e^^^^^J^k, we have span{P/^(e^) : m > n >0,k >0} = span{e„+fc,„+A: :m>n>0,A;>0} = 
span{e^ : m > n>0]. Hence the proof is complete. □ 

We have a corollary of the above lemma. 

Corollary 3.11. The dilation (Mf (8> Is£,Mp ® on the Hilbert space H'^{T°)®££ of the 
commuting pair of operators {m["\ M^p^] on the Hilbert space A^"\T°] is minimal. 

Proof Set €„inis, p) = eo7r(zi, Z2) = ' ' ' for {s, p) e T", (21,22) e So H^iT'^) = span{em„ : 
m > n > 0} and MpCmn — em+i.re+i- Now analogous arguments as in the previous corollary 
shows that 

span{Mpem„ :m>n>0, A;>0} = span{em„ : m > n > 0, } = H^(r°). 
This proves minimality of (Mf ®Is£, (g) ) on the Hilbert space H\T°](^S^. □ 
We move on to general discussion of dilation in the next section. 

4. Dilation 

As in many occasions in operator theory, in our case too, finding a solution to an operator 
equation turns out to be of utmost importance. As is clear by now, a crucial role in deci- 
phering the structure of a F-contraction (S, P) is played by the operator S - S*P. For a pair 
(S, P] of commuting bounded operators with ||P|| < 1, we shall denote from now on by E and 
S*, the operators S - S*P and S* - SP* respectively. We denote by Dp and ®p the operator 
(/ — P*P]2 and its range closure respectively. For a pair of commuting bounded operators 
(S, P) with ||P|| < 1, the fundamental equation is defined to be 

S = DpXDp, where XedS{3ip] (4.1) 
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and the same for the pair (S*, P*) is 

= Dp.yDp*, where Ye ^(@p.). (4.2) 

We start with a pivotal theorem which guarantees the existence and uniqueness of solutions 
of such equations for F-contractions. The proof of the theorem needs the following lemma 
and the proof of the lemma given here is from a private communication with Michael A. 
Dritschel. 

Lemma 4.1. LetT. and D be two bounded operators on rj^. Then 

DD* > Re (e^'^S) for all 6 G [0,2n) 

if and only if there is F e with numerical radius ofF not greater than one such that 

S = DFD*, where % = Ran D* . 

The proof of this result needs the operator Fejer-Riesz factorization theorem (Theorem 2.1 
of mH) along with Douglas's lemma (Lemma 2.1 of HI]) and the familiar result that an op- 
erator X has numerical radius not greater than one if and only if Re ySX < / for all complex 
numbers yS of modulus 1 (Lemma [2l9| . 

Proof of Lemma \m] Let there be an operator F e with numerical radius not bigger 

than one such that S = DFD*. Since / - Re [e'^ F) > 0, for all e [0,2n], we have 

Dil-Ree'" F]D* > 0, for all 9 . 

So we have 

DD* > DRe {e'^F]D* = Re (e'" DFD*] = Re (e^'^S) 

forall^e [0,271). 

The nontrivial part of this lemma, however, is the converse of the above. Suppose that 
DD* > Re (e'^S) for all 6 e [0, 2n]. This means that the Laurent polynomial 

DD*--(zS + zS*) 
2 

is non-negative for z on the unit circle. By the operator Fejer-Riesz theorem (Theorem 2.1 
of HH) we thus have a factorization 

DD* - ^(zS + zS*) = (X - z Y\X* -zY*), \z\ = l, 

with X,Ye miJ^l Thus DD* = XX* + YY* and E = 2YX*. Since DD* > XX* and DD* > 
YY*, Douglas's lemma tells us that there exist contractions Q and R such that X = DQ and 
Y = DR. Thus S = DFD* for 

F^Ps,2RQ*\r^,. 

To show that the numerical radius of F is not greater than one, note that DD* > Re (e'^S) = 
Re (e'^DFD*) for all 9 e [0,2n) which implies that 

D(/@, - Re [e'^F))D* > 0, for all 9 e [0,2n). 

Hence 

((/®. - Re {e''^F]]D*h,D*h) = (D(/g. - Re ie'^F]]D*h, h)>0 

for all 9 G[0,2n) and as a consequence, the numerical radius of A is no bigger than one. □ 
Now here is the theorem which guarantees the existence and uniqueness of solution to the 
fundamental equation of a F-contraction. 
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Theorem 4.2. Let [S, P) be a T -contraction. Then there is a unique solution A to its funda- 
mental equation 

S-S*P = DpXDp. 
Moreover, A has numerical radius less than or equal to one. 



Proof. Since (S,P) is a r-contraction, by Proposition 2.3 we have 

piaS,a^P)>0 for all a eP. 

So in particular for all with modulus 1, we have D| — Re yS(S — S*P] > 0. Therefore by 
Lemma [4?T| there exists an operator A e with numerical radius not greater than one 

such that S - S*P = DpADp. 

For uniqueness let there be two such solutions Ai andyl2. Then 

DpADp = 0, where A = Ai-A2e SSi^p). 

Then 

{ADph, Dph') = {DpADph, h') = 
which shows that A = and hence Ai=A2. □ 

This theorem allows us to construct an explicit F-isometric dilation of a F-contraction, 
which is one of our main results and is shown in the following theorem. 

Theorem 4.3. Let{S,P) be aT -contraction on a Hilbert space ^ . LetA be the unique solution 
of the fundamental equation f4.JI) and letXo = J^©®p©®p©®p©- • • = J^®P{Sip]. Consider 
the operators Ta, Vq defined on by 

TA{ho,hi,h2,...] = {Sho,A*Dpho+AhuA*hi+Ah2,A*h2+Ah3,...] 
Voiho, hi, h2,...) = {Pho, Dpho, hi, h2,... ). 

Then 

(1) {TA,Mi] is aT -isometric dilation of {S,P]. 

(2) If{T, Vo] on JTo is aT -isometric dilation of{S,P], then T=Ta. 

(3) If{T, V] is a T -isometric dilation of{S, P) where V is a minimal isometric dilation of 
P, then{T, V] is unitarily equivalent to{TA, Vq). 

Thus (2) and (3) guarantee the uniqueness of T -isometric dilation [T, V] of{S,P] where V is 
minimal isometric dilation of P. 

Proof. (1) It is evident from the definition that on J^^^ is the minimal isometric dilation of 
P. Obviously T^ and V* are defined on rj^Q 3.S 

T^{ho,hi,h2,...)^{S*ho + DpAhi,A*hi+Ah2,A*h2+Ah3,...) 
\^{ho,hi,h2,...] = {P*ho + Dphi,h2,h3,...]. 

The space ^ can be embedded inside J^Tq by the map h ^ {h,0,0,...]. It is clear that 3^, 
considered as a subspace of is co-invariant under Ta and Vo and 7^|.^ = S*, V*\j^ = P*. 
Since Vq is an isometry, in order to show that [Ta, Vq] is a Y -isometric dilation of (S, P) one 



has to justify (by virtue of Theorem |2. \A\ (3)) the following: 

(a) TaMi = %Ta 

(b) TA = Tm 

(c) r{TA)<2. 
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TAVoiho, hi, h2,...)= TA{Pho,'Dpho, hi, hz,...] 

= iSPho,A*Dpho +ADpho,A*Dpho +Ahi,A*hi +Ah2,A*h2 +Ah^, ...). 



VoTA[ho,hi,h2,...]=Vo{Sho,A*Bpho+Ahi,A*hi+Ah2,A*h2+Ah3,...) 

= iPSho,DpSho,A*Dpho +Ahi,A*hi +Ah2,A*h2+Ahi, ...). 



Let G = A*DpP + ADp - DpS. Then G is defined from ^ Qip. Since A is a solution of the 
equation JOJ, we have 



DpG = DpA*DpP + DpADp - Dp^S 

= (S* - P*S)P + (S - S*P) - (/ - P*P)S = 0. 

Now {Gh,Dph') = {DpGh,h') = for all h,h' e J^. This shows that G = and hence 

A*DpP+ADp = DpS. Therefore TaVo = VqTa. 

Now 

T*Voiho, hi,h2,...) = T2iPho,-Dpho, hi, h2,...) 

= (S*P/zo + DpADp/zo, A*Dp/zo A*;?! +Ah2,A*h2+Ah3, ...). 



Since A is a solution of 14.1 1, we have S*P + DpADp = S. Therefore we have TIVq = Ta. 



We now show that r(7^) < 2 which completes the proof. The numerical radius of A is not 



greater than 1 by Theorem 4.2 



It is clear from the definition that Ta has the matrix form 



f S 
A*D, 



V ••• 





A 

A* 






A 



A* 







A 



with respect to the decomposition Jt' © ®p © ®p © ®p © ... of ^q. Again since ^ = ^ 

f A*Dp'\ 



on © = j^o, where C 






V • J 



andD: 



f A ...^ 

A* A .. 
A* A .. 

V ; 



, we have by Lemma 



1 of fla] that cr(r^) c cr(S) U cr(D). We shall be done if we show that r(S) and r(D) are not 
greater than 2. We show that ||r>|| < 2. Let us define 



if-.B^mi^p] 

z -^A^A^z. 
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Clearly is holomorphic, bounded and continuous on the boundary = T of the disc. 

For z = e~'^'^ G T we have 



\\A + A*z\\ = \\A + e-^'^A*\ 

= \\e'^A + e-'^A*\\ 

= sup \{{e"^A + e-''^A*)x,x)\ [since e''^A + e-''^A*is self adjoint] 

l|x||<l 

<coiA) + coiA*) 
<2. 

Therefore by Maximum Modulus Principle, \ \A + A*z 1 1 < 2 for all z e D and 1 1 (/? 1 1 < 2. Let 
f A ... 

A* A ... 
A* A ... 







A* A 



on ®pe@pe"-e@p = E„. 



y nxn 



n-l 



n-l 



Let / = ^^fi and g = ^ gi be two arbitrary elements in E„. Let us consider the polynomi- 



n—l n—l 

als p{z) = ^ z ' fi and q{z) = ^ z ' g, with values in 2ip. Now 



i=0 



i=0 

n—l n—l 



'2n 



'^^^o 

<me'')p{e'')\\AqW')\\i? 

<l\\p{e'')\\n\\q{e'')\\i? [since ||<^|| <2] 



n-l 



n-l 



= 2||0/.lkll0g/lk 



= 2||/||||g|| 

This implies that ||A„ || < 2. Now we define D„ on E„ Eoo = l\'3)p\ where Eoo = l\^p) © E„, 

as Dn = ^ . Then ||D„|| = ||1„|| < 2 and £)„ -» D strongly as n -> oo. Hence \\D\\ < 2. 

Again since (S,P) is a F- contraction, r(S) < ||S|| < 2. Since both of r(S), r(D) are not greater 
than 2, r(T^) < 2. Hence done. 

with respect to the decomposition ® /^(®p) of Xq, where 



(2) Obviously 1^ 



^Dp^ 






from ^ Q)p®Qip®Q)p®. . . and Di = 



/^O ...A 
7 0.. 
/ .. 



on @p©®p©@p©.... 
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Since {T, %) on JTq is a T-isometric dilation of (S,P), we have T*\^ = S* and V*\^ = P* 

'S 0^ 



Therefore f on © / ^(®p) has matrix form r = ^j. Let us define 

Ui -.H^i^p) ^ © @p © ®p © . . . 
z«-^(0,0,.. .,0,1,0,0,...). 



The action of Ui on an arbitrary vector is clear from its action on the basis {l,z,z^,...} of 
H\Q)p). Since it maps a basis of H\Q}p) to a basis oiQ)p®Q)p®Q)p® ... in a one-to-one 
fashion, Ui is a unitary operator. Therefore the spaces JTq and Jt' © H\Q}p) are isomorphic. 
Let U=U*. Then T and 1^ on Xo are respectively identified with the operators 



S 
J7£ [7F[/^ 



and Vo ■ 





UDiU* 



on ^®H\&p). 



Therefore ( T, %) is a F-isometric dilation of (S, P). We now show that UDi U* is same as the 
multiplication operator M®p on H\Q!p). For a basis vector z" of H\Q!p) we have 



UDiU*iz'')=U 



= U 



^0 
/ 








/ 









/ 












1 





1 at(n + l)th place 



1 at (n + 2)th place 



VJ 

Hence UDiU* = M^^. By the commutativity of T and 1^ we have the commutativity of 
UFU* and UDiU*i= Mf"). Therefore UFU* = Mj" for some (f e H~(^(@p)). Thus 







By r= T*%, we get 



' S \ _fS* E*U*\f P ^_fS*P + E*Cl E*U*Mfp 
UE Mf- J ~ I M'^-*\ \ UCi M^" J~ \ M®^*C/Ci M®^*Mf^ 



which gives 



(i) S-S*P = £*Ci 

(ii) UE^M^''*UCi 

(iii) M®^=M®''*M^. 



(4.3) 
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From ||4.3|l-(iii), it is clear by considering the power series expansion that if{z) — Aq +A*z, 

f Ao 



for some Aq e 0S{Sip). We now show that if Do 



Al Ao 
Al Ao 



V 



on ®p©®p©®p©..., 



then UDoU* — M®''. For a basis vector z" of H\Q>p) we have 



UDoU*{z"]^U 





* 



4 





a; Ao 
A* Ao 





1 





u 



f A 






V '■ J 



Thus UDo U* = M-^p and hence F = Do. Combining this with 1 4.3 - (ii) , we get UE = M-^p UCi = 
UD*U*UCi = UD*Cu i.e, E = D*Ci. Therefore 



S 

D*Ci Do 



on J^©Z2(®p). 



Considering the above stated matrix forms of Do and Ci we get D*Ci 



with respect to the decomposition J^®Sip®Sip®... of J^^o, we have 



^ AlBp 





V • J 



. Hence 



r 





A*Dp 

a; Ao 

Al Ao 



Alsoby I4.3i-(i), 



S-S*P = E*Ci = ClDoCi 



= [Bp ...) 



fAo 

Al Ao 
Al Ao 

V 



■J 



rDp-\ 






V • J 



■DpAoBp, 



which shows that Aq satisfies the fundamental equation (4.1 . By uniqueness of solution, 
A = Ao and hence T=Ta. 

(3) Let (r, V] defined on J^T be a minimal isometric dilation of [S, P], where F is a minimal 
isometric dilation of P. Since y on is a minimal isometric dilation of P, there is a unitary 

[7 : ^ JTo (= ^ ® ®p ® ®p © ■ • ■ ) 

such that UVU* = Let P = UTU*. Then (^^ %] on Xo is a T-isometry dilation of (S,P). 
Therefore by part- (2) ,P = Ta and consequently ( T, V) is unitarily equivalent to{TA,Vo). □ 
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As a consequence of the dilation theorem above, we have a new and elegant characteriza- 
tion for F-contractions. 

Theorem 4.4. Let {S,P] be a commuting pair of operators defined on 3^. Then {S,P] is a 
T -contraction if and only if spectral radius ofS is not greater than 2 and the fundamental 
equations — S*P — DpXDp has a solution A withco[A)< 1. 

Proof. Let there be a solution^ to the fundamental equation S—S*P = DpXDp with co{A) < 1 
for such a pair (S,P). Then by the dilation theorem (Theorem |4.3| l, we can construct a F- 
isometry (7^, Vq) of (S,P). Now clearly (S,P) can be recovered by compressing [Ta, Vq) to the 
common co-invariant subspace J^. So [S, P) is a F-contraction. 



The converse is just the Theorem 4.2 □ 



Remark 4.5. We call the unique solution A of the operator equation f4.1) for a F-contraction 
(S, P), the fundamental operator of (S, P). 

We now give another explicit construction of a F-isometric dilation of a pure F-contraction. 
This is very convenient to reap some beautiful consequences. 

Theorem 4.6. Let{S,P) be aT -contraction on a Hilbert space ^ where P is in C.q. Let B be 



the solution of the fundamental equation '4.2). Let us consider the operators T,V on S 
H^{B] ® Sip* defined as 

T = I®B* + Mz®B andV^M^®!. 
Then[T, V) is a T -isometric dilation of[S, P). 



Proof Since B is the solution of the equation ( |4.2| , by Theorem |4.2[ the numerical radius of 
B is not greater than one. In order to prove that [T, V) is a F-isometric dilation of (S, P] we 
shall show the following steps: 

(1) the pair (T,V) is a T-isometry on 8. 

(2) The space can be thought of as a subspace of 8, i.e, there is an isometric embed- 
ding of in 8. 

(3) After identification of ^ with this isometric image, y*J^ c j^^ and V^'Yye = P*. Also, 

T*:¥e c j^^ and r*|^ = S*. 

V is clearly an isometry (it is a shift of some multiplicity) and obviously it commutes with 

r. Also 

r = (/(8)B*) + (/®BXM^(8)/) = C + C*F, 
where C = l®B*. Obviously C and C* commute with V and a)(C) < 1. Therefore by Theorem 



2.18 (r, V) is a F-isometry 
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Now we embed ^ isometrically inside ® @p» by defining W : ^ ^ S ^s,h^ 2^=0 ® 

oo 

||VK/z||2 = ||^z"(8>Dp*P*"/z||2 

n=0 

oo oo 
n=0 m=0 

00 

= ^ {z",z'"){Di.P*"h, Dp*P*'"h) 

m,n=0 

00 

n=l 

oo 

= 2](P"(/-PP*)P*"h,h> 

n=0 

oo 

= Y^{{P"P*"h, h) - {P''+^P*"+'h, h)] 



n=0 

|2 ■ lim 

n— >oo 

<=" U\\2 

n— »oo 



Since P G Co, lim ||P*"h|r = and hence \\Wh\\ = \\h\\. Therefore W is an isometry. Let 

n— »oo 

L=W*. 

For a basis vector z"®^ ofSwe have 

oo 

{Liz ''®ah) = {z"<S>^,Y,z''®Di.P*''h) = {^,Dp.P*''h) = (P"Di.^,h). 

fc=o 

This implies that 

L{z''(S>^) = P''Dp>^, /or n = 0,1,2,3,... 

Therefore 

00 

(Z,(M, ® ® a ^> = ® ® L>p.P*^h> = {^,Di.P*''^'h) = (P"+'Di.^, h). 

Consequently, LV = PL on vectors of the form z" ® which span IP ® ®p» and hence 

LV = PL. (4.4) 

Therefore leaves the range of L* (isometric copy of J^) invariant and V*\h*x = L*P*L 
which is the isometric copy of the operator P* on range of L*. For the next step, 

Z,r(z" ® = L(/ ® B* + ® B)(z" ® ^) = L(/ ® 5*)(z'' ® + Z,(M^ ® B)(z" ® 

= Z,(z" ® + L(z"+i ® BO 
= P"Dp,B*^ + P''+^Dp^B^. 
Again SL{z^ ® = SP^Dp^E,. Therefore for showing LT = SL it is enough to show that 

P"Dp. B* + P"+^DinB = SP"Dp^ = P"SDp> 
i.e,Dp*B* + PDp*B = SDp*. 
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Let H = Dp*B* + PDp* B — SDp* . Then H = by an argument similar to the one given in the 



proof of Theorem 4.3 to show that G = 0. So we have 

Dp*B* + PDp*B^SDp* 

and hence 

L[I®B* + M,®B) = SL (4.5) 

which is similar to the equation | |4.4| l. This shows that T* leaves L*{M^) invariant as well as 
T*\l*(^) = L*S*L. Hence we are done. □ 



Remark 4.7. In particular when ||P|| < 1 the unique solutions A of 14.1 and B of (4.2 coin- 
cide with Dp\S - S*P]Dp^ and Dpl{S* - SP*]Dp} respectively. 

Corollary 4.8. If{S, P] is a T -contraction with P e Co, then S = C + PC* for some C with 
co{C]<l. 



Proof. By the previous theorem, if (T, V) is a F-isometric dilation of (S, P] from l |4.5| l we have 

LT = LiI^B* + M^®B) = SL 
or L(/ (g) 5* + B)L* = S, since L* is isometry 
or Lil (g) B*)L* + L{M, ® B)L* = S 
or Lil (2) B*)L* + L{M^ /)(/ ® B)L* = S 
or Lil B*)L* + PLiI B)L* = S, since L(M^ ® /) = PL. 
Taking C = !(/ B*]L* we get the stated form of S, and w(C) < 1 is obvious. □ 

Observation 4.9. IfiS, P] is a T -contraction with P e C o, then S can also have the form S = 
Ci + C*i^ where coiCi]<l. 

Proof Clearly (S*, P*] is also a T-contraction and by the previous result, S* = C + P*C* for 
some C with coiC] < 1. This implies that S = C* + CP = d + C*P where Ci = C*. □ 

Observation 4.10. IfiS, P] is aT -contraction with ||P|| < 1, then there is a unique C such that 
S = C + C*P. 

Proof Let there be Ci and C2 such that S = Ci + C*P and S + C2 + C*P. Then we have 
C + C*P = 0, where C = d - C2. Now 

||C|| = ||-C*P||<||C||||P||<||C|| as||P||<l. 

This shows that C = and consequently Ci = C2. □ 

For a polynomially convex compact subset X of and a tuple of commuting bounded 

operators A = iAi Ad) on a Hilbert space M', a normal 5X-dilation N_ = (iVi, . . . , Nd) is 

a tuple of commuting bounded operators on a Hilbert space ^ ^ ^ such that the Taylor 
joint spectrum crr(iV) c.dX and 

piA)^P^piN)\^, foranypeC[zi,...,Zrf]. 

It is clear that if A has a normal ^X-dilation, then X is a spectral set for A. In general, it is 
difficult to determine the converse, i.e, if X is a spectral set for A then whether or not A has 
a normal 5X-dilation. It was shown by Agler and Young that a pair of commuting bounded 
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operators (S, P) has F as a spectral set if and only if it has a normal 5X-dilation. One of the 

contributions of this paper has been to add that F is a spectral set for a commuting pair [S, P] 
if and only if the fundamental equation for (S, P) can be solved with a solution of numerical 
radius not greater than one. 

Acknowledgement. We are thankful to Professor Gadadhar Misra for stimulating conversa- 
tions. 
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